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Calculating limits

Annamaria lezzi

In the following tables the writing “lim f(z)” stands for lim f(x), lim f(z), lim f(z), lim f(x)
x—[] r—a r—a— r—at T—00
or lim f(x), L1 and Ly are real numbers (possibly equal to 0, unless otherwise specified) and
T——00
the symbol @ means an indeterminate form (we recall that a form of limit is said to be indeter-

minate when knowing the limiting behavior of individual parts of the expression is not sufficient
to actually determine the overall limit).

SUM
lim f(z) | limg(x) | lm f(@)+g(z)
Ly Lo Ly + Ly
14 00 00
14 —00 —00
00 Lo 00
00 00 00
00 —00 @
—00 Lo —00
—00 00 @
—00 —00 —00

We can consider the limit of the difference of two functions as the limit of a sum in the
following way:

lim f(z) — g(x) = lim f(z) + (—g(x)).

z—0 xz—0
Hence, for example, if lim f(z) = co and lim g(z) = —oo we have lim f(z) — g(z) = “c0 —
z—0 z—0 z—0
(—OO)” = “00 4+ 00" = o0.
Examples.

1) lim vV3—-4r—2+4+1= lim (vV3—4z)+ lim (—z)+ lim 1= “co+o0—1" = 0.
T—r—00 T—r—00 T—r—00 T—r—00

2) lim z?
T—r00

uct for seeing how to escape to the indeterminate form...)

—z = lim (z%) + lim (—z) = “co — 00" — @ (look at the examples of the prod-
T—r00 T—r00



ProbuctT

lm f(z) | limg(z) | lim f(z)g(z)
Ly Lo Ly Lo
L1 >0 00 00
L1 >0 —00 —00
0 00 @
0 —00 @
Li <0 00 —00
L1 <0 —00 00
00 00 00
00 —o0 —0o0

not appear).

The table for the product can be completed by using the commutative property of the product
(that is the reason why in the table for example the case lir% f(x) = oo and lin% g(z) = Ly does
Tr—r Tr—r

Moreover we can deduce the table for the limit of the quotient of two functions by considering
the quotient as a product:

: 1
and using the following table:

1
1 lim ——
1
L 3
0t (>0) 00
0~ (<0) —00
00 0
We deduce that also 0 and X are indeterminate forms %
o0
Examples.
1) lim 22 —z = lim z(z — 1) = lim - lim (z — 1) = “c0-00” = 00
T—>00 T—r00 T—>r00 T—r00
1 1 1 1
2) lim = =«
z—It COST

L7 =% _50—00" = —00



THE CASE OF RATIONAL FUNCTIONS

We recall that a rational function is a function of the form:

flz) = P(z)  apa™+ 12" 1+ +ag
a Q($) B by ™ + byp—12™ L .- 4 by

where P(x) and Q(z) are two polynomials with real coefficients of degree n and m respectively
(an # 0,by, #0).

We consider here the particular limits

. P(x) . P(x)
im 6} lim .
T—00 (x) 2——00 Q(x)
Theorem 1. We have:
AnZ™ + 12" 1+ -+ ag L anx™

im T = lim
z—too by, ™ + b1 ™ + -+ by x—Eoo by ™

Proof.
lim 4t + an_ 17" - ag i 2(an + an1t + o tagk)
2400 by ™ + byp_12m L oo+ by w00 xm(bmijm*l#Jr"'ﬁLboa%m) =
L 1
= lim ﬁ : an+an_15+"’+a0x—n

Foo 7 sk 1 I
z—too I T— oobm_|_bm_1$m71 _|_..._|_b0xm

< : a:”> an+0+---40
= lim — =

anx™

= lim .
T—+o00 bmxm

Hence the limit takes different values according to different cases:

1) n>m

. apx +ap_ 2"+ -+ ag . apT” an . n—m oo, if g2 >0
lim — — =1 — = lim zx = .fman 0
z—00 by ™ + by—1T 4+ 4+by o0 by by, 00 —00, it gm <

00, ifg—z>0andn—meven
—00, ifg—;>0andn—modd

an®" + ap_12" 1+ -+ 4 ag . anx e
im = lim =— Ilim =« = e
25—00 by ™ + b1 z™ L 4+ 4 by z>—00 by x™ by, T——00 —o0, if §2 <0 and n —m even
00, ifg—; < 0 and n —m odd
2) n=m
. anT™ + an_12" 1+ +ag . anx™  ap
lim T = lim = —.
z—too by + byl 4 4 by z—+oo byx™ bn,
3) n<m

ant™ + ap 12" 1+ +ag . anx"  ap I 1 0

lim = lim = im
z—+oo by, x™ + bmflxmfl + -+ b z—>+o0 by, x™ by, x—Fo0 gm—n
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Examples.




